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Computationally Inexpensive Guidance Algorithm
for Fuel-Efficient Terminal Descent

Federico Najson* and Kenneth D. Mease'
University of California at Irvine, Irvine, California 92697-3975

This article reports on the design of a computationally inexpensive algorithm for the synthesis of control functions
for fuel-efficient powered terminal descent of a vehicle. Instead of solving a minimum fuel optimal control problem,
the proposed algorithm is based on solving a related optimal control problem for which the solution can be expressed
in analytic closed form. This property leads to an algorithm, which, for any initial condition (i.e., in any instance of
the problem), will always require a low number of operations to compute the control functions, and no iterations
are involved. The fuel performance achieved by the control inputs synthesized by the algorithm is evaluated by
numerical simulations of the powered descent phase of a Mars landing and shown to be close to the minimum fuel

performance.

1. Introduction

N space exploration adventures involving the landing of an au-

tonomous vehicle on the surface of a given planet, it is often
necessary to design algorithms able to synthesize control signals
for the powered terminal descent and soft landing of the vehicle.
Such algorithms have to synthesize control inputs that will drive
the vehicle from a given initial state (position, velocity, and initial
fuel mass) to a final landing site with zero velocity. Because the
vehicle only carries a limited amount of fuel, it is also a require-
ment for such algorithms to synthesize control functions that are
fuel efficient; ideally, such control functions should yield minimum
fuel expenditure. A further important requirement for such algo-
rithms is that they should be computationally inexpensive. This is
because the algorithms are expected to allow for computer program
implementations able to operate in real time on the onboard com-
puter system. The algorithm used in the Apollo Lunar module' dealt
with the preceding computational requirement by using low-degree
polynomials of time to produce a reference trajectory that passes
through the initial state and the final state. In Ref. 2 the algorithm
described for a Mars landing operation also relies on the use of low-
degree polynomials to produce reference trajectories. A study of
the fuel performance of the Apollo guidance algorithm® shows that
for long horizontal translations (in the range of 2—4 km) the Apollo
guidance uses significantly more fuel than the minimum required.
Regarding the fuel-efficiency requirement, we previously mentioned
that ideally we would like the control function to minimize the fuel
consumption. This optimal control problem for (one-dimensional)
vertical motions was solved in Ref. 4 using calculus of variations.
The same optimal control problem was also solved in Ref. 5 by
means of the Pontryagin maximum principle.®=® In that work it is
proved that (for the particular constraint set considered) this prob-
lem is equivalent to the minimum-time (to reach the target) optimal
control problem. Also, a switching function that leads to a simple
algorithm for control synthesis is constructed.

In the present work, instead of solving a (three-dimensional)
minimum fuel optimal control problem, the proposed algorithm is

Received 16 May 2005; revision received 15 November 2005; accepted
for publication 28 November 2005. Copyright © 2006 by Federico Najson
and Kenneth D. Mease. Published by the American Institute of Aeronautics
and Astronautics, Inc., with permission. Copies of this paper may be made for
personal or internal use, on condition that the copier pay the $10.00 per-copy
fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923; include the code 0731-5090/06 $10.00 in correspondence with
the CCC.

*Postdoctoral Researcher, Mechanical and Aerospace Engineering De-
partment, 4200 Engineering Gateway; fnajson@ucla.edu. Member AIAA.

TProfessor, Mechanical and Aerospace Engineering Department, 4200
Engineering Gateway; kmease @uci.edu. Associate Fellow AIAA.

955

based on solving other related optimal control problems, for which
the solutions can be expressed in analytic closed form. This prop-
erty leads to an algorithm, which, for any initial condition (i.e., in
any instance of the problem), will always require a low number of
operations to compute the control functions, and no iterations are
needed.

The organization of this paper is as follows. In Sec. Il we present a
description of the dynamical system under consideration, the prob-
lem addressed, and the objective of this work. In Sec. III we pose
two optimal control problems that are related with a minimum fuel
optimal control problem and that are relevant in the context of this
work. Sections IV and V are devoted to completely solve these opti-
mal control problems and to derive and present closed-form analyt-
ical expressions for their solutions. Section VI is devoted to present
a description of the control system (considered in this work) that
uses the control functions generated by the proposed algorithm. In
Sec. VII we describe the proposed algorithm and discuss the num-
ber of elementary operations performed by the algorithm. Results
of numerical simulations are presented in Sec. VIII. Conclusions
are in Sec. IX.

II. Description of the Problem and Objective

of the Work

It will be assumed that the dynamical system under consideration
is described by

x(1) = Ax(®) + {1/[my +mp(O)}Bu(t) + Bu,

mp(t) = —kpllu()ll,, t €[0,1/]
x(0) = xo € RS, mp(0) = mpo € RT (1)
where
0 I 0 0
A= Rﬁxﬁ B = R6x3 — 0 R’S
(O 0) © ’ (1> © ’ ug ©
-8

and g, my, kr € R are given.

This system models a landing vehicle with dry mass my, fuel
mass mp(t), and position represented by its Cartesian coordinates
x1(2), x2(t), x3(¢) [in a stationary frame relative to the landing sur-
face; with x3(t) being the vertical coordinate]. In this model, the
force applied by the thrusters is represented by u (), g is the gravi-
tational constant of the planet, and kF is a constant that models the
rate of fuel consumption.
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It will be assumed that the control signal is confined to take values
on a compact set U, where

3
U:{weR 50!1SwlSﬂlsaszzfﬁzs(hfahfﬁs}

ap = —a(my +mpro)g, Br =a(my +mpo)g

ay = —a(my +mpro)g, B =a(my +mpro)g

a3 = yB(my + mpo)g, Bz = B(my +mpo)g

and « >0, 0<y <1, 8> 1 are given parameters that model the
capabilities of the actuators (thrusters). To be more specific, we will
assume that

ueQWU,ty) ={ueLl,ty):u) eUae.onl0,1/]}

Our objective is to design a computationally inexpensive al-
gorithm, which provided with xy and mpo, will find t; € R*
and will synthesize a control function u € Q(U, ;) for which
x(tf, X0, Mo, M) =0 and moreover mp(lf, Xo, Mo, M) >mpp > 0
a given lower bound (for the final fuel mass).

We design the algorithm by setting up and solving an appropri-
ately chosen optimal control problem in order to use its solution as
the kernel of the algorithm. Notice that, as earlier remarked, ideally
we would like to consider and solve the following optimal control
problem:

max mp(ty, Xo, Mpo, U) 2
treRY we@,ip) xtty xo.mpo.u) =0

In the search for an algorithm having low computational cost, we
consider instead two modifications/simplifications of the preced-
ing optimal control problem. In this work, we study and solve two
simpler but related optimal control problems and also evaluate the
performance of their solutions (in terms of fuel efficiency). The con-
sideration of these much simpler related optimal control problems,
which are stated next, is motivated by the fact that their solutions
can be expressed in analytic closed form, as we constructively show.

Although our objective, regarding the design of an algorithm, has
already been stated, we want to further emphasize that the algorithm
to be designed in this work is for the synthesis of control functions
satisfying the preceding specified constraints. We remark that the
preceding specifications do not include constraints on the path fol-
lowed by the state of the system. In recent work, reported in Ref. 10,
a different approach is taken for the design of an algorithm for pow-
ered terminal descent, which is able to take into consideration path
constraints.

III. Two Simple Optimal Control Problems
Let t; > 0 be given. For the dynamical system described by
x(t) = Ax(t) + [1/(my + mpo)|Bu(t) + Bu,
tel0,t],  x(0)=x R 3)
and the performance functionals,
Ji:QU, tp) — R, b QWU,tp) — RT

defined by,

'
Ji(u, 1) = / lu(®)]l1 dr
0

1 ty
Jo(u, ty) = 5/ llu ()13 dt
0

we will consider the following optimal control problems:

min Ji(u, ty) )
ueQU.tp).x(ty.xo,u)=0 ’

min Jo(u, ty) (®)]
ueQU,tg),x(ty,xo,u)=0

Remark 1: Let us recall that the following inequalities hold:

Iy
/ lu(®)lladt < \/2tpy/ Ja(u, ty)
0

i
/ lu (@)l dt < Ji(u, ty)
0

Therefore by solving the optimal control problems (4) and (5), we
get solutions that guarantee the best upper bound of the preceding
forms for

Iy
min llue(®)ll2 de
ueQU.,tp),x(ty,xo,u) =0 0

In the next two sections we present a complete treatment for
the solutions to the preceding posed optimal control problems that
later on will be used in the design of the proposed algorithm. To our
knowledge such a treatment, which includes explicit formulas for the
solutions, has not appeared in the literature. For the second optimal
control problem, (5), with no constraint on the control function (i.e.,
when U = R?), the solution is of course well known, and it regularly
appears well documented in books covering linear systems theory
(e.g.,see Refs. 11 and 12). However, when the control is constrained,
no explicit formula for its solution is known to be available.

Regarding the existence of solutions for the optimal control prob-
lems (4) and (5), we just mention that direct application of existence
theorems in optimal control (e.g., see Ref. 7, p. 274, theorem 6)
proves the following: if there exists u € Q(U, ty): x(ts, X0, u) =0,
then there exist optimal solutions u°?t, u°®2 € Q(U, ty) for prob-
lems (4) and (5), respectively.

Because 1) the time #; is given, 2) the set U is the product of
three intervals U = [y, B1] X [ot2, B2] X [a3, B3], 3) the system (3)
is in fact composed of three decoupled systems driven by u;, i =1,
2, 3 (the components of u), and 4) the cost functionals can be ex-
pressed as the sum of three cost functionals each penalizing each
of u;,i =1, 2,3 (and only one of them), it follows that the optimal
control problems (4) and (5) can be solved by equivalently solving
three associated independent optimal control subproblems. The next
section is devoted to solving the independent optimal control sub-
problems associated with Eq. (5). The optimal control subproblems
associated with Eq. (4) are dealt with in a following section.

IV. Elementary Optimal Control Problem: Part I

Let >0, k; >0, and k, € R be given. Consider the (scalar)
system,

X(t) = kiu(t) + ks, t €0, t]
x(0) =x € R, x0)=v eR (6)
Let &, B € R satisfying @ < 8 be given, and define

Q@&, B,17) = {u € Lo(0,1/) : & < u(t) < fae. on[0, 1]}

Define the cost functional I, : fZ(&, ﬁ, ty) — R* by

1 '
Lu,ty) = —/ u?(r) dt
2 Jo
In this section we will consider the following optimal control
problem:

min L(u, ty) (7

ue ﬁ(&,ﬁ,rf),x([f,xg,v[),u) =0,%(tf,x0,v0,u) =0
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The following notation will be useful in this and following sec-
tions:

Tr(@, B, X0, v0) ={t; >0:3u e Q@, B, ty), satisfying
x(ty, X0, vo, u) = 0, x(ts, X0, vo, u) = 0}

Thatis, T (@, ;§ , X0, Vo) is the set of positive final times ¢, for which
there exists an admissible control that solves the preceding associ-
ated reachability problem. We also use here and in the sequel the
following standard notation. For given real numbers r| <r,, the
function saty,, »,) : R —> R is defined by

r, &<nr
Satlnmz](s) = éa r < E <nr
ry, 1 <§

Regarding the solution of the preceding optimal control problem,
we have the following important results. )

Theorem 1: Assume that & < —k;/k; < B. Let xg, vo € R and
ty > 0 be given, and assume the following inequality holds:

ty > inf t
t€Tr(@.B,x0,v0)

Under these conditions, the optimal control problem (7) has a unique
solution, u°’", which can be expressed by

u'(t) = sat, 5,(at +b), t €0,t/] (8)
where a, b € R is the unique solution to the following system of
equations:

If 1 _1 t;
/ f saty g(at + b)ydr dr = . <x0 + vots + sz)
o Jo 1
1y

—1
/0 sty 4 (at + b)dt = k—l(U() + katy) )

Remark 2: Under the assumption that & < —k,/k; < /§ , we make
the following important clarifying remarks:

1) Theorem 1 states that if 77 is such that £ > inf, . 7, 4.5 v.00)
then the system of equations (9) has an unique solution (a, b) (ex-
pressed in analytic closed form in fact 1), which represents via
Eq. (8) the unique solution u°?* for the optimal control problem (7).

2) It is also straightforward to prove that in case f; >0 is
such that the system of equations (9) has a solution (a, b), then
it represents via Eq. (8) the unique solution, u°”, for the opti-
mal control problem (7), and (it therefore trivially follows that)
1y > 1nf, c 7,5 4.x0.00) [ Moreover, in case the preceding solution
(a, b) is such that (at +b) € (a, ﬁ) for some t € [0, /], then it is
in fact the unique solution for Eqgs. (9), and it also follows that
[f > infte Tg(@.B.x0,v0) L.

Fact 1: Under the same assumptions as in theorem 1, the so-
Iution a, b € R to the system of Egs. (9) can be expressed in an-
alytic closed form as follows. For notational simplicity we define
Xy =(—1/k1)[)€0+volf +k2(t;/2)] and V= (— 1/k1)(U0+k21f).

Then, )

Case 1: If a,b defined next are such that @ <b<p and
a<(at;+b)< ,3, then they are the solution for Egs. (9).

—1

3 2
bog
2
O A B
2 f

Case 2A: If [x; — &(tj%/Z)] >0, (vy —aty) >0, and moreover
when a, b, and f5, defined next are such that 0 <tg <?; and
(atp+Db) < B, then this pair a, b is the solution for Egs. (9).

_ 2 (Uf — &If)3 _ 2(vf - &t.f)
vy A i
[/ —a(17/2)]

b= (6{ — afsl)
Case 2B: If [x; — 3([%/2)] <0, (vy— Bt_f) <0, and moreover

when a, b, and f5, defined next are such that 0 <t5 <?; and
(at; +b) > &, then this pair a, b is the solution for Egs. (9).

a__—2 (/éff—vf)3 o Z(ﬁtf—vf)
T 9 [4(2 2 SR la|
[6(:7/2) = x/]

b= (3—at51)

Case 3A: If [x;—vstp+B(2/2)]>0, (v — Bt;) <0, and
moreover when a, b, and tg, defined next are such that 0 <5, <t
and b > &, then this pair a, b is the solution for Egs. (9).

_2 By o = | 2Bt = vp)
O — vty + B /2)] 2 ¢
b= (,3 - al‘sz)

Case 3B: If [x;—vst;+a(t7/2)]<0, (vs —at;) >0, and
moreover when a, b and fg, defined next are such that 0 <tg, <1,
and b < ,é, then this pair a, b is the solution for Egs. (9).

ue -2 (vy —aty)? o = [2(v, — aty)
~ 2 2
9 [Ufl’f — O{(ljzc/Z) — X_f] lal

b= (& — atsz)

Case 4A: If 2x;—vsts + Bty —vp)ty —[1/(B —&)(Bts —
v_f)2> 0, (vy — Bts) <0, and moreover when t,, ts,, the solutions
of

@—2¢7i”%+»A2AP$?‘?*
B-a) F-a0L B-a)

T
3\ v =B )iy = 3%, | =0

satisfy the condition 0 < 5, <ts, <t, then the pair a, b defined
next is the solution for Egs. (9).

1B =d)(rs, +15)

(ts2 - tsl)

Case 4B: If 2x;—uvstp+ @ty —vp)ty +[1/(B — &)t —
v;)? <0, (v; — a&t;) >0 and moreover when fs,, fs,, the solutions
of

2 _ 2~ _ 2
g 20T, 2 [2 (@t = o)
b-a  F-ol F-a

A
-3 Uf—O{? lf+3)Cf =0

satisfy the condition 0 <5, <ts, <ty, then the pair a, b defined
next is the solution for Egs. (9).

(B —a) 1,
— , bh=—
(tsz—ts.) 2(ﬂ+a) 2

1. 1(B=a) (s, +15)
b=~ _2 v
2(,3+a)+2 (tsz—tsl)

_(B-9
(lsz — tSl) '

a =
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V. Elementary Optimal Control Problem: Part II

Lett; >0, k; > 0,and k, € R be given. Consider again the (scalar)
system

X(t) = kiu(t) + ko, t €[0,1/]

x(0) =xp e R, x(0)=veR (6)
Let a, /§ € R satisfying & < ,3 be given, and denote Q@ ,3, ty) as
before:

Q@, B, 17) = {(u€Lo(0,1) : & < u(r) < fae. on0,1,])

Define the cost functional /; : Q(&, B, tp) — R* by

I
Il(u,t/-):/ lu(z)| dt
0

In this section we will consider the following optimal control prob-
lem:

min Liu.t;) (10)
ue Q(&,ﬁ,rf),)c(t/ \X0,v0,u) = 0,%(t £ ,x0,v0,u) =0

Regarding the solution of the preceding optimal control problem,
we have the following important results.

Fact 2: Assume that 0 < a < B.Letxo, vo € Rand 7y > Obe given.
Assume there ex1sts u eQ(a ,8 tr), such that x(ts, xo, vo, u) =
0, X(lf, X0, Vo, u) =

Under these conditions, the optimal control problem (10)
has a solution. Moreover, every u€ Q(a, f,t r), satisfying
x(ty, xo, Vo, u) =0 and X (¢, xo, v, u) =0, is in fact optimal. Fur-
ther, the optimal cost is

o min Li(u, t5) = (1/k1)(—kat s —vo)
u e Qe B.tp).x(tr,x0.v0,u) =0,%(tp.x0,v0.u) =0

An analogous statement can be made in case @ < B =<o.
Theorem 2: Assume that 0, — k,/k; € (&, ,3) Let xg, vo € R and
ty > 0 be given, and assume the following inequality holds:

ty > inf t
t € Tr(@.B.x0.v0)

Under these conditions, the optimal control problem (10) has a so-
lution. There are only three possible cases that totally characterize
the solution of the optimal control problem (10).

1) If there exists u € fZ(O, ﬁ, t¢),suchthat x (¢, xo, vo, u) =0and
X(ty, X0, Vo, u) =0, any such u is an optimal solution for Eq. (10).
In this case the optimal cost is

min Ii(u, tp) = (1/k)(—katy — vp)

ue fl(&.ﬁ.t/),x(t/,xo,v(),u) =0,x(tf,x0,v0,u) =0

2) If there exists u € (&, 0, 7,), such that x (¢, xo, vy, u) = 0and
X(tf, X0, vo, u) =0, any such u is an optimal solution for Eq. (10).
In this case the optimal cost is

min Li(u, ty) = (1/k1) (katy + vo)

u e QU@ Butp).x(tp,x0,v0,1) = 0,5t f,x0,v0,u) =0

3) If the preceding two constrained reachability problems are in-
feasible, the optimal control problem Eq. (10) has a unique solution
u°’". The optimal control is either of the form

a, 0<t<ty
u @) =140, t5 <t <ty (11)
B, 1, <t<t;
or of the form
B, 0<t<i
u' (1) =10, 15 <1<t (12)
a, s, <t <ty

where the preceding ambiguity and the parameters 0 < t5, <ts, <t/
are uniquely determined by solving the following system of equa-

tions:
t2
/ / opf(‘[) drdr = <x0+v01f+k23)

/ u™ (1) dt = —(Uo + kat ) (13)
0

Remark 3: We state here the following observations, which are re-
lated to the statement of theorem 2. Assume that 0, — k,/k; €(a, /3 ).
Let xo, vo € R and ¢, > 0 be given.

1) If there exist functions u", u® satisfying the following con-
ditions:

u(l) € Q(O, 3, ff'), X(ff‘, X0, Vo, u(l>) =0

)'C(tf,)C(), Vo, M(l)) =0
and

M<2) € Q(&,O, lf), X([f,)Co,Uo,u(z)) =0

)'C(l‘f, X0, Vo, M(z)) =0

then, it follows that 4V =u® =0. o

2) If there exists a function u such that either u € Q(0, 8, t5) or
u € Q(a, 0, t,)anditsatisfies x (¢, xo, vo, u) =0, X (ty, X0, Vo, u) =
0, [this tniVially 1rnp11es that 7, > inf, ¢ 76 fxgup) 11 then s.uc.h a
function is an optimal solution for Eq. (10). Moreover, this im-
plies that the system of equations (13) in the unknowns fg,, t,,
0 <ts, <ts, <ty, and the binary variable that determines the ex-
pression, expression (11) or expression (12), has no solution. Fur-
ther, if such a control u is such that u #& and u # B (i.e., u is not
an extremal control as defined in Ref. 7, p. 73), then it follows that
tr>0f, G pgap I

3) If the system of equations (13) in the unknowns tg,, fs,
(0 <ts, <ts, <ty) and the binary variable that determines the ex-
pression [expression (11) or expression (12)] has a solution, then
it is unique, and this solution totally determines [via Eqs. (11) and
(12)] the unique optimal solution for Eq. (10). Further, it follows

that 1, > inf,eTR(&Y[;mevo) t.

Fact 3: Assume that0, —k,/k; € (&, /§).Letx0, vo€Randz; >0
be given, and assume the following inequality holds:

ty > inf t
t€Tr(@&.B.x0.v0)

Assume also that there is not u € Q(&, 0,1y), and neither there
is u € (0, B, ty), with the property that x (s, xo, vo, u) =0 and
)‘C(l‘f, X0, Vo, M) =0.

Then, under these assumptions the unique solution, u°”, for the
optimal control problem (10) can be expressed in analytic closed
form
as follows. As before, we use the definition, x; = (— 1/k;)[(xo +
Vol f +k2(l]20/2)] and V= (—1/ky)(vo +k2lf).

Then, R R )

Case A: If (t;—v;/B)* —(1/B— 1/&)(1}?/;9 —2x5) >0, and
moreover there exists a solution, fg,, to the equation

@ /2)(1/B = 1/ayeg +a(ty —vs/Pots + (v /2B —x7) =0
with the property that, when we define
[52 = lf' — (l)f — &lsl)/B

the following inequalities hold: 0 < t5, <tfs, <1;: then the optimal
control, u°", is given by the expression (11).

Case B: If (1 —vp/@)* + (1/B— 1/&)(1}?/& —2x¢) >0, and
moreover there exists a solution, g, to the equation,

(—B*12(1/B — 1)@y + Bty — vp/d)ts + (v7 /26 —x;) =0
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with the property that, when we define

ts, =1ty — (Uf —ﬁAl‘Sl)/&

the following inequalities hold: 0 < 5, <ts, <?; then the optimal
control, u°", is given by the expression (12).

VI. Controller for the Original Dynamical System

We recall that the dynamical system under consideration is in
fact described by Eq. (1), and optimal control functions u’'!,
u2 e Q(U, ty) were found for problems (4) and (5), which in-
volve the dynamical system described by Eq. (3) (instead). Let us
denote by uz’;;_, , €Q(U, ty), an optimal control associated with (4)
or (5), where we have made explicit that this optimal control func-
tion was found based on the knowledge that the initial condition for
the system is x¢, and the time for reaching the target is ;. We define
the function u? ortr in the following manner:

t
= e oy (1), 0<t<t
ot —(my +mpoug, 1> 1 (14)

We will consider here the following controller:

Xc(t) = Axc(t) + uicoy,f(l)—FBug

— B
(my + mpo)

te R+, xc(0) = X
[my +mp@®)] ( ,
u(t) = m{u%,,f(z) — Klx() —xc1} (15)
where K € R*>*® is a design parameter to be fixed.
With slightly more generality than Eq. (1), we will assume here
that the dynamical system under consideration is described by

x(1) = Ax (@) +{1/lmv + mp(@O)D}Blu(t) + uq (1)1 + Buy

nip(t) = —kpllu@ll2, teRY, x(0)=xo

mp0) =mpy € R* (16)

where u, is an input disturbance.

Next we present some straightforward observations regarding the
closed-loop system (16) and (15).

Fact 4: Let t; > 0 be given, and let uj'(ﬁ;,,f € Q(U, ty) be an op-
timal control for the problem (4) or (5). For the closed-loop system
described by (16) and (15), where ujco,tf is given by Eq. (14), the
following hold: ‘

1) The closed-loop system can be equivalently described by

) 1
ét) = |:A BKi|e(f)+B{m”d(t)}

B (my + mpo)

6(0) = X0 — X¢,

Xc(t) =Axc(t) + u (t)+ Buy, xc(0)=x¢,

*
XCOJf

—B
(my +mpo)

[my +mp(t)]
(my + mpo)

u(t) = [— Ke) + Wiy as ]

nip(t) = —kpllu(®)ll2, mp0) =mp € RY (17

2) If uy =0 and x¢, = xo, the controller will drive the (state of
the) system to the origin at time ¢ . Moreover,

—kr j;)[f | "zf;f/ ® “2 dr
(my + mpo) i|_1}+mm

mp(tp) = (my +mF0){CXP|:

3) If uys =0, x¢, = xo, and assuming that

) { —kr [y Juir (0], de }[W

(my + mpg) Cols

(r)]3 > a3, Vi € [0, 1/]

it then follows that ujo,r,1 € QU, ty).

Next, we make some comments regarding the design parameter
K. We want to use K in order to reduce the effects of xo # x¢, (i.e.,
the exact initial condition of the dynamical system is unknown) and
the effects of u, # 0 (i.e., there are input disturbances that model for
instance, the effects of wind, imperfect response of the actuators,
etc). It is therefore appropriate to look at the dynamics of the error,
e, which obeys the following equation:

e(t) =[A—1/(my + mpo) BK]e() + B{1/[my + mp(t)]ua(t)}
e(0) = xo — x¢,

The preceding equation is, of course, coupled with the dynamic
equation of the fuel mass m  (which we have not rewritten). Hence,
our design objectives can be recast in terms of the preceding linear
differential equation in the following manner:

1) K must ensure that the trivial solution of the preceding
unforced system will be exponentially stable (i.e., the matrix
{A —[1/(my +mpp)]B K} must be Hurwitz).

2) K must provide for good attenuation of the input response, or
equivalently K must be chosen such that it reduces some appropriate
system norm.

Notice that the first condition can be satisfied, for instance,
by choosing K =(K; K3); Ky, K, eR3*3; K1T=K1 >0; and
KT =K, > 0. [The stability in this case can be proved by using
a quadratic Lyapunov function represented by the matrix P =
(1) with k>0 and K, > (1/k%)1.]

VII. Algorithm Description

We present here a description of the proposed algorithm for the
synthesis of control functions, which is based on either one of the
two optimal control problems we have solved. In this description,
which is presented in a pseudocode, other algorithms are also called.
The algorithm Optimal_Control_Problem is the most important one
as it constitutes the kernel of the proposed algorithm, and moreover
it is the central topic of this paper. It uses the appropriate closed-
form analytical expression (developed in Secs. IV and V) in order
to return a solution of the optimal control problem under consider-
ation (where ¢ is fixed and it is passed as an argument). It returns
status, which can be either feasible or infeasible, and also returns
parameters, which is a set of parameters that totally describe the
optimal control. For instance, if the optimal control problem under
consideration is Eq. (5), these parameters are ay, by, az, b,, as, bs.
The algorithm Final Fuel Mass_Evaluation computes and returns
mp(tg) or an approximation for m (¢;). The function of the algo-
rithm Find_Maximum does not require explanation.

Algorithm 1 (Basic_Algorithm ).

Lf <1 fipper’>

i<—1;

(parameters, status) <— Optimal_Control_Problem(my , m o, g, s,
o, :3 s Vs XO);

While status = feasible,

Parameters(i) «<— parameters;

Tp(i) <—ty;

Mp (i) «<— Final_Fuel Mass_Evaluation(my, mpo, g, k¢, t5, o,
B, v, parameters);

Tp <15 =1 foreps

i<—i+1;

(parameters, status) <«— Optimal_Control_Problem(my , m ro, g,
tfv o, ﬁ? Vs X());

End

(mp, k) «— Find_Maximum (M),
ty «— Ty (k);

parameters <— Parameters(k);
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The number of elementary operations needed in the proposed
algorithm strongly depends on the following components:

1) Nocp is the number of elementary operations needed to com-
pute a solution for the optimal control problem under consideration.
That is, the number of operations to evaluate the formula in fact 1
for each of the components of u in case optimal control problem
(5) is being considered, or the formula in fact 3 for each of the
components of # in case optimal control problem (4) is used.

2) Nepme[Tf(i)] is the number of elementary operations needed
to compute (an approximation for) m [T (i)]. (See discussion in
Remark 4.)

3) N is the final value for i after leaving the While loop.

Therefore, a figure or estimate of the number of elementary op-
erations required in the algorithm is given by the expression

N-1
NNoce + Y _ Nepwiel T (i)]
i=1
For instance, in case f fpppe = 120, f g =1, and N =62 (i.e., for
t¢ = 60 the optimal control problem is feasible, but for t; =59 it is
infeasible), the preceding expression becomes
60

62 Nocp + Z Nreme(120 — j)

j=0

Remark 4: Regarding the algorithm Final_Fuel_Mass_Evaluation,
it is important to remark that m ¢ (t4) can be computed by means of
an explicit formula. Recall that

—mﬂ?wwmmm] 4+m
- FO

mp(ty) = (my +mF0){ f57‘P|: (my + 7o)
% F

Now, we assume first that u°”* is the solution for the optimal control

problem (5). Then, itis easy to see (from the solution of the preceding
optimal control problem) that

If
/ llu" ()]l dt
0

can always be expressed in the following manner:

Ly
f [u (®)» dt
/ \/ opr(t) opr(t)]

where the intervals [¢;, ¢; ;1] that form a partition of [0, 74] can be
constructed (from u°") with the property that

\/[ opt(t)] [ opt(t)] [ opr(t)] =\/m

Vi e [t;,t11]

[ )] ar

where (there are only two possibilities) either as; =b4; =0, or
asj>0and A; = (dasjcsj — b3 =0
The preceding constants as;, ba;, c4; can always be computed
from the parameterization that defines u°”’. (The number of intervals
is not bigger than seven, and the number could be as small as one.)
Now, because
Lj+1

a4jt2 +b4jt =+ Cyqj dr

i

can be computed by means of an explicit formula (e.g., see Ref. 13),
our claim follows. In case a4; > 0, Aj = (dayjcsj — bﬁj) =0,

Li+1
/ a4jt2+b4jt+04jdt
t

J
1
T2

]y 2| (g U
204 j 2614 Jj ;

In case ay; >0, Aj = (4asjcq; — b3;) >0,

Lj+1

a4jt2 +b4jl + ¢4 dr

= M 0 e ¥ bt e
) 2 as, 4j 4j 4j

j+1

Aj by
t R 3 [W(t + 2—>+ aaj1® + bajt + C4j]}

4j 1

J

In the case in which u°" is a solution for the optimal control
problem (4), it follows that by adopting a simple convention for the
selection of an optimal control for the cases in which the solution to
the optimal control problem (4) is not unique the precedmg discus-
sion [regarding an explicit formula to compute f I lueP (1)), dt]
also applies here. The selection convention we adopt is as follows
(refer to theorem 2). Regarding the elementary optimal control prob-
lem (10), the following selection rule is used:

1) In case there exists u € (0, B, tr), such that x (¢, xo, vo, u) =
Oand X (¢f, xo, vo, u) =0, selectu € (0, B, t7) [: x(tf, X0, vo, u) =
0 and x(ty, xo, v, u) = 0] such that it minimizes I, (u, t;).

2) In case there exists u € Q(a, 0, tr), such that x (¢, xo, vo, u) =
Oand x(tf, xo, vo, u) =0, select u € Q(a, 0, te) [ x(ty, xo, vo, u) =
0 and x(ts, xo, vy, u) = 0] such that it minimizes I»(u, t5).

The algorithm Optimal_Control_Problem uses the preceding se-
lection convention.

A computationally less expensive variation of the preceding al-
gorithm, Basic_Algorithm 1, is presented next. This algorithm just
applies a bisection method (using # fpper »  fiower » @09 # frpsoLurion) 111
order to compute a solution of the optimal control problem, un-
der consideration, at the minimum found value of ¢, for which
it is feasible.

Algorithm 2 (Basic_Algorithm 2).

While (* fupper — tfiower) > fresoLuTion

Iy <— ([fUPPER - [fLOWER)

(parameters_temp, status) <— Optimal_Control_Problem (my,

mro, 8, lfs o, /35 Vs xO);

If status = feasible,

Lopper < L5

parameters <—parameters_temp;

Else

! fLower

End
End
Ir <— 1 fipper>

Remark 5: Two different methods can be used in order to select
an adequate value for #,,,.. (used in the proposed algorithm): a
theoretical method and a practical one. The theoretical method is
based on the fact that the distance from the constraint set U to the
origin is positive. In other words, after the thrusters are turned on
they cannot go off, which implies that there is a minimum of fuel
expenditure per unit time. Because the vehicle only has m ry amount
of fuel mass, we are able to compute a theoretical upper bound for
t;. Because

<« 1Iy;

i
mp(0) —mp(ty) :kl"/ lu(o)l2 dt
0

and

min |u()|l2 = az = yB(my + mpo)g
af

ueQU.ts)

then we have that
f < M Fo
kpyB(my +mro)g
Therefore, based on that, we can select # ;pp, as follows:

Mmro

kryB(my +mro)g

! fupper =
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Notice that the preceding theoretical upper bound for ¢, could be
very conservative. Therefore, the use of this upper bound (as the
value for # .. ) could negatively impact on the computational cost
of the algorithm. Using the same data as in the numerical simulations
(see Sec. VIII), we have that the theoretical upper bound for #; is
mpo/krpyB(my +mpo)g =157.93 [s]. A practical method, based
on the results obtained from running a large number of numerical
simulations (using different initial conditions), could provide a less
conservative value for # ... In this method, a safety margin is
added to the largest of the values for ¢, obtained when running that
large number of numerical simulations, and this is the value to be
selected as 7 ;g - In OUr specific case concerning the vehicle whose
data are given in Sec. VIII, we have adopted this practical method.
The value thus selected was ¢ ppp, = 120 [s].

VIII. Numerical Simulations

To evaluate the fuel efficiency that the proposed algorithm
achieves, we performed numerical simulations and compared the

final fuel mass with the final fuel mass for the minimum fuel
optimal control problem (2). In the results presented next we
used first Basic_Algorithm 1 based on the solution for the op-
timal control problem (5) (see Table 1), and later we used
Basic_Algorithm 1 based on a solution for the optimal con-
trol problem (4) (see Table 2). The values of the parameters
that described the dynamical system in all of the optimal con-
trol problems considered in these numerical simulations are the
following:

my = 1505 [kg],

mrpo =400 [kgl, g =3.73 [m/s’]

kr = 0.0005084138 [kg/N - s]

The domain U, used when computing the optimal value for the
optimal control problem (2), is described by
o =0.7,

B=171, y=041

Table 1 Results of Basic_Algorithm 1 based on Eq. (5) vs the optimal value for Eq. (2)

. (5) = (2)]

xd s m (1), ke 1f,s mp(tr), kg [mpo—mi(17)]
(2000, 0, 3000, 50, 0, —20) 78.11 71.05 82 63.00 245
(2000, 0, 3000, 50, 50, —20) 7791 56.80 82 51.61 1.51
(2000, 0, 3000, 0, 50, —20) 69.82 111.01 76 101.64 3.24
(2000, 0, 3000, —50, 50, —20) 69.83 120.48 76 107.94 4.49
(2000, 0, 3000, —50, 0, —20) 69.89 142.71 76 124.02 7.26
(2000, 0, 3000, 50, 0, —40) 80.33 58.87 82 51.03 2.30
(2000, 0, 3000, 50, 50, —40) 77.61 46.85 82 40.59 1.77
(2000, 0, 3000, 0, 50, —40) 58.41 122.17 63 116.11 2.18
(2000, 0, 3000, —50, 50, —40) 58.50 136.61 63 128.25 3.17
(2000, 0, 3000, —50, 0, —40) 58.72 160.59 63 147.49 547
(2000, 0, 3000, 50, 0, —60) 78.17 46.55 82 38.18 2.37
(2000, 0, 3000, 50, 50, —60) 79.61 37.15 82 28.85 2.29
(2000, 0, 3000, 0, 50, —60) 54.44 116.83 57 112.02 1.70
(2000, 0, 3000, —50, 50, —60) 52.29 140.65 56 131.69 345
(2000, 0, 3000, —50, 0, —60) 51.47 163.10 56 151.90 4.73
(2000, 0, 3000, 50, 0, —80) 76.82 33.50 82 24.58 243
(2000, 0, 3000, 50, 50, —80) 76.75 21.48 82 16.16 1.41
(2000, 0, 3000, 0, 50, —80) 54.07 106.57 56 101.38 1.77
(2000, 0, 3000, —50, 50, —80) 46.67 136.48 51 129.66 2.59
(2000, 0, 3000, —50, 0, —80) 47.00 159.76 51 149.15 4.42

Table 2 Results of Basic_Algorithm 1 based on Eq. (4) vs the optimal value for Eq. (2)

s (6 —m (1))

x7 s my(t7), kg tr,s mp(ty), kg [mpo—m.(t})]
(2000, 0, 3000, 50, 0, —20) 78.11 71.05 82 61.96 276
(2000, 0, 3000, 50, 50, —20) 77.91 56.80 82 46.60 2.97
(2000, 0, 3000, 0, 50, —20) 69.82 111.01 76 94.00 5.89
(2000, 0, 3000, —50, 50, —20) 69.83 120.48 76 103.50 6.07
(2000, 0, 3000, —50, 0, —20) 69.89 14271 76 124.00 7.27
(2000, 0, 3000, 50, 0, —40) 80.33 58.87 82 50.05 2.59
(2000, 0, 3000, 50, 50, —40) 77.61 46.85 82 35.79 3.13
(2000, 0, 3000, 0, 50, —40) 58.41 122.17 63 111.18 3.96
(2000, 0, 3000, —50, 50, —40) 58.50 136.61 63 125.21 433
(2000, 0, 3000, —50, 0, —40) 58.72 160.59 63 147.43 5.50
(2000, 0, 3000, 50, 0, —60) 78.17 46.55 82 37.24 2.63
(2000, 0, 3000, 50, 50, —60) 79.61 37.15 82 24.47 3.49
(2000, 0, 3000, 0, 50, —60) 54.44 116.83 56 109.10 273
(2000, 0, 3000, —50, 50, —60) 52.29 140.65 56 129.64 425
(2000, 0, 3000, —50, 0, —60) 51.47 163.10 56 151.87 474
(2000, 0, 3000, 50, 0, —80) 76.82 33.50 82 23.67 2.68
(2000, 0, 3000, 50, 50, —80) 76.75 21.48 82 12.15 2.46
(2000, 0, 3000, 0, 50, —80) 54.07 106.57 56 99.19 252
(2000, 0, 3000, —50, 50, —80) 46.67 136.48 51 128.41 3.06
(2000, 0, 3000, —50, 0, —80) 47.00 159.76 51 148.97 4.49
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For all of the results generated by Basic_Algorithm 1, the (more
conservative) value of y =0.44 was used. This is a conservative
measure in order to ensure that the control functions u generated
by Eq. (15) will satisfy the constraint U, 1 € Q(U, ty) for the pre-
ceding defined set U. Also, we are using the following assumption
for all of the numerical simulations: u; =0, xc, = xo. In Tables 1
and 2 the first column xOT corresponds to initial conditions, the third
column m,(t3) corresponds to the final fuel mass for the minimum
fuel optimal control problem (2), and the fifth column m £ (¢;) cor-
responds to the final fuel mass achieved by a control synthesized
by the proposed algorithm. [It can be noticed, from the tables, that
the control functions synthesized by Basic_Algorithm 1 based on
Eq. (5) achieve better fuel performance than the ones synthesized
by Basic_Algorithm 1 based on Eq. (4).]

With the intention of providing an illustration, we present,
in Figs. 1-3, the graphical representation of the control func-
tion synthesized by Basic_Algorithm 1 based on Eq. (5) for
the initial condition xOT = (2000, 0, 3000, 0, 50, —60). Figures 4-6
show the corresponding control function generated by the con-
troller (15) (with xc, =x¢). The motion of the system [with
initial condition xOT = (2000, 0, 3000, 0, 50, —60), and u,; =0] in
response to that control function is illustrated by Figs. 7-12.
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Fig. 1 First component of the control function u°”* synthesized by Ba-
sic_Algorithm 1 based on Eq. (5) for the initial condition xg = (2000, 0,
3000, 0, 50, —60).
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Fig. 2 Second component of the control function u%" synthesized by
Basic_Algorithm 1 based on Eq. (5) for the initial condition xg = (2000,
0, 3000, 0, 50, —60).
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Fig. 3 Third component of the control function u’”’ synthesized by
Basic_Algorithm 1 based on Eq. (5) for the initial condition x({ = (2000,
0, 3000, 0, 50, —60).
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Fig. 4 First component of the control function u generated by the con-
troller (15) in response to u°”* shown in Figs. 1-3.
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Fig. 5 Second component of the control function u generated by the
controller (15) in response to #°” shown in Figs. 1-3.
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Fig. 6 Third component of the control function u generated by the
controller (15) in response to #°"' shown in Figs. 1-3.
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Fig. 7 Response of the system x; to the control function # shown in

Figs. 4-6 [for x({ = (2000, 0, 3000, 0, 50, —60)].
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Fig. 8 Response of the system x; to the control function # shown in

Figs. 4-6 [for xg = (2000, 0, 3000, 0, 50, —60)].
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Fig. 9 Response of the system x3 to the control function z shown in

Figs. 4-6 [for x] = (2000, 0, 3000, 0, 50, —60)].
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Fig. 10 Response of the system x4 to the control function # shown in

Figs. 4-6 [for xg = (2000, 0, 3000, 0, 50, —60)].
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Fig. 11 Response of the system x5 to the control function # shown in

Figs. 4-6 [for xg = (2000, 0, 3000, 0, 50, —60)].
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Fig. 12 Response of the system x4 to the control function z shown in
Figs. 4-6 [for xg = (2000, 0, 3000, 0, 50, —60)].

IX. Conclusions

We developed and proposed a computationally inexpensive algo-
rithm for the synthesis of control functions for fuel-efficient powered
terminal descent of a vehicle. Instead of solving a minimum fuel op-
timal control problem, the proposed algorithm is based on explicit
formulas for the solutions of other related optimal control problems.
Two of these related optimal control problems were solved, and ex-
plicit closed-form analytical expressions for their solutions were
derived and presented. These explicit formulas constitute the kernel
of the proposed algorithm. Because the algorithm is based on one
of these formulas, it possesses the following important properties.
It has low computational cost. It is reliable, that is, it requires no
iteration in synthesizing a control function, and moreover when a
solution is physically possible (for a related dynamical system) it
will always provide a control function.

To evaluate the fuel efficiency achieved by the proposed algo-
rithm, numerical simulations were performed. The results obtained
by means of the proposed algorithm were compared with the opti-
mal values of an associated minimum fuel optimal control problem

(which achieves the best possible fuel efficiency). The results of
these numerical simulations show that the control inputs synthe-
sized by the proposed algorithm achieve close to minimum fuel
performance. The control inputs synthesized by the algorithm are
therefore referred to as fuel-efficient controls.
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